Abstract. In this paper, we will determine the topological types of hyperbolic 3-manifolds H 3 /G such that G is a geometric limit of any algebraically convergent sequence of quasi-Fuchsian groups.
′ n (Π)} do not necessarily have the same geometric limit. This suggests that geometric limits have data which are not obtained from any data of algebraic limits. In order to proceed furthermore with the study of geometric limits G of quasi-Fuchsian groups, it would be meaningful for us to understand the topological types of the hyperbolic 3-manifolds H 3 /G. Let Σ be a closed orientable surface of genus greater than one. We fix a hyperbolic structure on Σ for convenience, and set Π = π 1 (Σ). In [12] , Jørgensen and Marden gave an example of faithful representations ζ n : Z −→ PSL 2 (C) with ζ n (1) loxodromic such that the cyclic Kleinian groups ζ n (Z) converge geometrically to a rank two parabolic group. This is one of typical phenomena which appear in geometric limits. In fact, Kerckhoff and Thurston [14] considered the cyclic action on the Bers slice B σ+ = Teich(Σ) × {σ + } at σ + ∈ Teich(Σ) generated by the Dehn twist ϕ on Σ along a simple closed geodesic l. Then they showed that any geometric accumulation point of the orbit {(ϕ n * (σ − ), σ + )} ⊂ B σ+ is a Kleinian group G such that H 3 /G is homeomorphic to Σ × (0, 1) − l × {1/2} for any σ − ∈ Teich(Σ). Here a tubular neighborhood of l × {1/2} in Σ × (0, 1) corresponds to a Z × Z-cusp of H 3 /G where Jørgensen-Marden phenomenon occurs. By using this method iteratively, it is also possible to construct an example of a geometric limit G ′ of quasi-Fuchsian groups such that H 3 /G ′ has infinitely many Z× Z-cusps. In particular, G ′ is infinitely generated. Another important example of geometric limits of quasi-Fuchsian groups is given by Brock [7] . He considered the cyclic action on a Bers slice generated by a homeomorphism ψ : Σ −→ Σ such that ψ|IntH : IntH −→ IntH is pseudo-Anosov and ψ|(Σ − IntH) is the identity for a proper subsurface H of Σ. Then any geometric accumulation point of the cyclic orbit {(ψ n * (σ − ), σ + )} ⊂ B σ+ is a Kleinian group G ′′ such that H 3 /G ′′ is homeomorphic to Σ×(0, 1)−H ×{1/2}. However, all of these examples are very special ones. In this paper, we will present what kinds of topological types appear generally in geometric limits of quasi-Fuchsian groups.
Let pr hz : Σ × I −→ Σ and pr vt : Σ × I −→ I be the projections onto the first and second factors, where I is the closed interval [0, 1]. For any y ∈ I, the preimage Σ y = pr −1 vt (y) is supposed to have the hyperbolic structure such that the restriction pr hz |Σ y : Σ y −→ Σ is an isometry.
Let X be the closed subset of Σ × I given below. Set Y = pr vt (X ), X y = Σ y ∩ X for y ∈ Y, Λ Theorem A is proved by using the fact that H 3 ∪ Ω(G)/G admits a block decomposition (see Proposition 3.3). However, we should remark that an open set in Σ × I admitting a block decomposition does not necessarily have a hyperbolic structure. In fact, if a closed subset of Σ × I satisfies the conditions (i) and (ii) but does not (iii), then the complement can not be a hyperbolic manifold.
Any component of Z(Λ ε y ) (resp. of Σ 0 ∪ Σ 1 \ X ) is called a non-peripheral (resp. peripheral ) front of X . It follows from Theorem A that Ω(G)/G is homeomorphic to the union Σ 0 ∪ Σ 1 \ X of peripheral fronts. Though in general the hyperbolic 3-manifold H 3 /G has infinitely many ends, this fact shows that the end of H 3 /G corresponding to any non-peripheral front of X is geometrically infinite.
From now on, we call that any closed subset X of Σ × I satisfying the conditions (i)-(iii) in Theorem A is crevasse of Σ × I.
Remark 0.1. In particular, Theorem A implies that, for any geometric limit G of an algebraically convergent sequence {ρ n } of quasi-Fuchsian representations, H 3 /G is homeomorphic to an open subset of Σ × (0, 1). This fact is also announced by Brock, Canary and Minsky [8] .
Theorem B. For any crevasse X , there exists a geometric limit G of an algebraically convergent sequence of quasi-Fuchsian representations such that H 3 ∪ Ω(G)/G is homeomorphic to Σ × I \ X .
Remark 0.2. Though the statement of Theorem B concerns only the topological type of H 3 /G, the proof given later says about some of geometric structures on H 3 /G. In fact, one can construct G so that the end E(F ) of H 3 /G corresponding to any front F of X has an arbitrarily given ending data. Here the ending data means the conformal structure on the corresponding boundary component at infinity if F is peripheral and the ending lamination of E(F ) if F is non-peripheral.
The following problem is the geometric limit version of the Ending Lamination Theorem proved by Minsky [19, 20] , Brock, Canary and Minsky [8] and so on.
Problem 0.3. Let X be a crevasse, and let G i (i = 1, 2) be geometric limits of algebraically convergent sequences of quasi-Fuchsian groups with homeomorphisms
properly homotopic to an isometry if, for any front F of X , the corresponding ends E i (F ) of H 3 /G i have the same ending data ?
The paper is organized as follows. Section 1 gives the fundamental notation and definitions needed in later sections. In Section 2, topological and geometrical properties of block complexes and crevasses are studied. In particular, Proposition 2.1 shows that any infinite block admits an embedding into Σ × I. Moreover, we prove that the complement of any crevasse in Σ × I admits an (in)finite block decomposition. Section 3 shows that the geometric limit manifold M = H 3 /G has a block complex structure, which is a key fact for the proof of Theorem A. Section 4 presents the proof of Theorem A. Finally, in Section 5, we will prove Theorem B.
Preliminaries
First of all, we will review briefly the fundamental notation and definitions needed in the paper, and refer to Thurston [25] , Benedetti and Petronio [5] , Matsuzaki and Taniguchi [17] , Canary, Epstein and Green [9] and so on for details on hyperbolic geometry, and to Fathi, Laudenbach and Poénaru [10] for measured foliations (laminations).
Let A be a closed subset of a metric space (X, d). For any R > 0, the Rneighborhood {x ∈ X; d(x, A) ≤ R} is denoted by N R (A, X) (or N R (A) for simplicity). In the case when A is a one point set {x}, the R-neighborhood is also denoted by B R (x, X) and said to be the ball in X of radius R centered at x. The closure of A in X is denoted by A. The frontier Fr(A) of A in X is the intersection
Throughout the remainder of this paper, we suppose that I is the closed interval [0, 1] and Σ is a closed orientable surface with a fixed hyperbolic structure. A compact subsurface F of Σ is geodesic if each component of ∂F is a geodesic loop in Σ. Geodesic subsurfaces (resp. simple geodesic loops) of Σ are simply called g-subsurfaces (resp. g-loops) of Σ. The complement in Σ of a disjoint union of g-subsurfaces and g-loops in Σ is called an open g-subsurface of Σ. Note that, for an open g-subsurface F , the frontier Fr(F ) of F in Σ may have a g-loop component contained in Int(F ) for the closure F of F in Σ.
Hyperbolic 3-space H 3 is the Riemannian 3-manifold with the underlying space C × R + = {(z, t) ∈ C × R; t > 0} and the metric ds 2 = (|dz| 2 + dt 2 )/t 2 . One can regard that the Riemann sphere C = C ∪ {∞} is the boundary ∂H 3 of H 3 . The group Isom + (H 3 ) of orientation-preserving, isometric transformations on H 3 is naturally identified with the group PSL 2 (C) of Möbius transformations on C.
A Kleinian group is a discrete subgroup of PSL 2 (C). In this paper, we always assume that all Kleinian groups Γ are torsion-free, or equivalently Γ contains no elliptic elements. For a Kleinian group Γ, the quotient space M = H 3 /Γ is called a hyperbolic 3-manifold. The limit set Λ(Γ) of Γ is the set of accumulation points of the orbit space Γx 0 in the 3-ball
is called the domain of discontinuity of Γ. One can suppose that M is the interior of the manifold H 3 ∪ Ω(Γ)/Γ, which is called the Kleinian manifold with the interior M and denoted by M ♮ . The convex hull
The Kleinian group is geometrically finite if the volume of the δ-neighborhood of H Γ in M is finite. For an ε > 0, the ε-thin part M thin(ε) of M is the set consisting of all points x ∈ M such that there exists a non-contractible loop l in M with l ∋ x and of length ≤ ε. The complement M thick(ε) = M \ IntM thin(ε) is called the ε-thick part of M . A Margulis tube is an embedded, equidistant, tubular neighborhood of a short closed geodesic in M . A Z or a Z × Z-cusp P is a subset of M such that each component of p −1 (P ) is a horoball the stabilizer of which in Γ is isomorphic to either Z or Z × Z, where p : H 3 −→ M is the universal covering. By the Margulis Lemma [25, Corollary 5.10.2], there exists a constant δ 0 > 0 independent of Γ, called a Margulis constant, such that, for any ε > 0 less than δ 0 , each component of M thick(ε) is either a Margulis tube or Z or Z × Z-cusp. Let M p:thin(ε) be the union of all parabolic cusp components of M thin(ε) . We denote M \ IntM p:thin(ε) by M p:thick(ε) .
A sequence {Γ n } of Kleinian groups converges geometrically to a subgroup G of PSL 2 (C) if (i) each γ ∈ G is the limit of a sequence {γ n } with γ n ∈ Γ n and (ii) the limit of any convergent sequence {γ ni } with γ ni ∈ Γ ni is an element of G. We set
It is well known that {Γ n } converging geometrically to G is equivalent to the existence of K n -bi-Lipschitz homeomorphisms g n : B Rn (x n , N n ) −→ B Rn (z ∞ , M ∞ ) with K n ց 1, R n ր ∞ for a suitable choice of their base points x n ∈ N n , z ∞ ∈ M ∞ . Refer to [12] , [5, Chapter E] for more details on properties of geometric limit groups.
The holonomy ρ : Π = π 1 (M ) −→ PSL 2 (C) of a hyperbolic 3-manifold M is a faithful discrete representation. We call that such a ρ is a Kleinian representation. A sequence {ρ n } of Kleinian representations of Π converges algebraically to a representation ρ ∞ : Π −→ PSL 2 (C) if, for each γ ∈ Π, {ρ n (γ)} converges to ρ ∞ (γ) in PSL 2 (C). If Π is non-elementary, that is, Π contains no abelian subgroups of finite index, then the algebraic limit ρ ∞ is also a Kleinian representation (see [17, Theorem 7.12] ). Moreover, {ρ n (Π)} has a subsequence {ρ j (Π)} converges geometrically to a Kleinian group G ⊃ ρ ∞ (Π) (see [25, Corollary 9.1.8] ). We refer to Kerckhoff and Thurston [14] and Brock [7] for typical examples of geometric limits of such sequences which are not equal to their algebraic limits. The subsequence {ρ j } is said to converge strongly to ρ ∞ if ρ ∞ (Π) = G.
We are above all interested in the case of Π = π 1 (Σ). A Kleinian representation ρ : Π = π 1 (Σ) −→ PSL 2 (C) is called quasi-Fuchsian if the limit set of Γ = ρ(Π) is a Jordan curve inĈ. It is well known that, if ρ is quasi-Fuchsian, then Γ is geometrically finite and H 3 ∪ Ω(Γ)/Γ is homeomorphic to Σ × I. Throughout the remainder of this section, suppose that F is either Σ itself or an open g-subsurface of Σ.
A (geodesic) lamination λ on F is a compact subset of F consisting of mutually disjoint, simple geodesics, which are called leaves of λ. A lamination λ is full if λ is not a proper sub-lamination of any other lamination on F . If a lamination λ on F has an invariant transverse measure, then it is called a measured lamination. Let ML 0 (F ) be the set of all measured laminations on F , and let PL 0 (F ) = ML 0 (F ) \ {0} / ∼ be its projective space, where λ, λ ′ ∈ ML 0 (F ) \ {0} being equivalent, λ ∼ λ ′ , means λ = rλ ′ for some r > 0 and the equivalence class is denoted by [λ] ∈ PL 0 (F ). The standard topology on ML 0 (F ) and the quotient topology on PL 0 (F ) are given in [25, Section 8.10] . Then PL 0 (F ) is homeomorphic to the (6h − 7 + 2b)-dimensional sphere S 6h−7+2b (see [26] , [10, Exposé 6] ), where h is the genus of F and b is the number of components of Fr(F ). In particular, if F is not an open pair of pants, then dim PL 0 (F ) = 0. Let Teich(F ) be the Teichmüller space of complete hyperbolic structures on F of finite area, and let Teich(F ) = Teich(F ) ∪ PL 0 (F ) be the Thurston compactification of Teich(F ) given in [26] , see also [10, Exposé 8] .
A π 1 -injective proper map f from F (σ) with σ ∈ Teich(F ) to a hyperbolic 3-manifold M is called a pleated map realizing a geodesic lamination λ in F (σ) if f satisfies the following conditions.
(i) f maps each parabolic cusp of F (σ) into a parabolic cusp in M .
(ii) f is arcwise isometric, that is, for any rectifiable path α in F (σ), f (α) is also a rectifiable path in M with length
Then the image f (F ) is called a pleated surface realizing λ. If T is an open pair of pants, then any pleated map f : T −→ M is a totally geodesic immersion.
Let f : F −→ M be a π 1 -injective proper embedding excising from M a submanifold E facing an end E of M . Consider the case when F does not contain any g-loop l such that f (l) is homotopic in E to a Z-cusp of M . Then we say that E is a geometrically finite end if there exists a collar neighborhood N (f (F )) of f (F ) in E homeomorphic to F × I and such that ∂N (f (F )) \ f (F ) is locally convex in N (f (F )). If E is not geometrically finite, then it is called a geometrically infinite end. We refer to Bonahon [6] for various results and properties on such ends. Note that, if Γ is geometrically finite, then each end of M is geometrically finite.
Block complexes
Recall that pr hz : Σ × I −→ Σ and pr vt : Σ × I −→ I are the projections onto the first and second factors respectively. The preimage pr
is denoted by Σ y . For any subset R of either Σ y or Σ and a subinterval J (resp. a point a) of I, the subset pr hz (R) × J (resp. pr hz (R) × {a}) of Σ × I is denoted by R J (resp. R {a} ). In particular, R = R {y} if R ⊂ Σ y .
First of all, we will present the definition of block complexes. Let We say that a set K = {B 0 , B 1 , . . . , B n } of finitely many mutually disjoint blocks is a block complex if it satisfies the following conditions. 
The following proposition is crucial in the proof of Theorem A.
. . ) and admitting embeddings η n : L n −→ Σ × I satisfying the following conditions.
For any integers n, m with 1 ≤ n ≤ m, let K m;n be the subcomplex of K m with |K m;n | = η m (L n ). The sequence {K n k ;k } is called a subcomplex-subsequence of {K n } if {K n k } is a subsequence of {K n }. We often denote the new sequence again by {K k } for simplicity, that is,
i ) for short. Let T n be the finite subset of I consisting of the numbers α i,n , β i,n for all B (n) i ∈ K n . Consider the correspondence τ n,m : T n −→ T m which transfers α i,n , β i,n respectively to α i,m , β i,m . Note that τ n,m is not necessarily a map. In fact, it may occur that α i,n = α j,n (resp. α i,n = β j,n ) but α i,m = α j,m (resp. α i,m = β j,m ) and so on.
For the proof, we need the following two rearrangements on K n .
Rearrangement I. If necessary passing to a subcomplex-subsequence of {K n }, we may assume that for any n, m with n ≤ m, the correspondence τ n,m : T n −→ T m is an order-preserving map. Deform the new K n 's by horizontal ambient isotopies of Σ × I, we may assume that α i,n = α i,m , β i,n = β i,m for any n, m with n ≤ m and i with B subcomplex-subsequence of {K n }, we may assume that all η m |R n j (m ≥ n) define the same embedding up to marking, that is, there exists an orientation-preserving homeomorphism γ m,n :
We say that S (n) c = Σ c \ |K n | with c ∈ I is the slit for |K n | at c. By Rearrangements I and II, for all sufficiently large n, S (n) c have the same topological type. Set
is called the δ-region of the slit S 
in Σ × I \ |K n | for all sufficiently large n. Thus there exists δ(c) > 0 for c ∈ T ′ ∞,s independent of n such 
c . In particular, this implies that all T ′ ∞,s and hence T ′ ∞ are countable subsets of I. Let F be a g-subsurface of Σ a with 0 < a < 1 and ϕ : F −→ F an orientationpreserving homeomorphism such that ϕ|∂F is the identity of ∂F . Consider the 3-manifold M ϕ obtained from Σ × I \ IntF by identifying the (±)-sides 2.1, we reduce the affected region by adopting the following minor trick. Let H be a non-peripheral vertical g-subsurface in Σ × I not in Σ a , say H ⊂ Σ b for some 0 < b < a, with pr hz (H) ⊃ pr hz (F ). Then there exists a homeomorphism
In the case when there exists another g-subsurface J of Σ c for some b < c < a satisfying pr hz (IntF ) ∩ pr hz (IntJ) = ∅ and pr hz (F ) \ pr hz (J) = ∅. Then we do not count on any partial contribution of J to the reduction of the affected region of the ϕ-sliding. More precisely, the homeomorphism ξ 2 :
is the restriction of ξ 1 , where J ′ = ξ 1 (J). In particular, the affected region of ξ 2 is C 1 \ J. If the affected region is contained a subset Q of Σ × I, then we say that the effect of the sliding is absorbed in Q.
Proof of Proposition 2.1. For any n ≥ 2, η n−1 : L n−1 −→ Σ × I is an embedding with ∂L n−1 = η
, but in general η n |L n−1 is not equal to η n−1 . We set h n−1 = η n−1 for some n ≥ 2 and T n = {a 0 , a 1 , . . . , a t } as above. By Rearrangement II, for any j = 1, . . . , t, there exists an embeddingĥ
Note that the union ofĥ j n does not necessarily define an entire embedding from L n to Σ × I. LetT n be the subset of T n consisting of elements a j ∈ T n with −χ(S
is unstable. There exist orientation-preserving homeomorphisms ϕ aj :
is the identity of ∂S (n−1) aj and t j=1ĥ j n extends to an embeddinĝ h n : L n −→ M n withĥ n |L n−1 = h n−1 , where M n is the manifold obtained from
which is the identity on the complements of the union of the affected regions of these ϕ ajslidings, where S (n) ∞ ′ is the union of vertical g-subsurfaces in Σ × I corresponding to the slits in S (n)
is the support of a block complex equivalent to K n , but in general h n is no longer an extension of h n−1 . For all m ≥ n, an embedding h m is defined similarly. We will see that {h n } defines the same map eventually.
Take is, all slidings along slits at b 1 , . . . , b u , c 1 , . . . , c k are already finished until the w 0 -th step. Since the effect of any sliding along the slit S
. . , k and w ≥ w 0 , it follows that all h w |B with w ≥ w 0 are the same map. Thus our desired embedding h ∞ : L −→ Σ × I is well defined by h ∞ |B = h w0 |B.
Properties of crevasses.
Here we study topological properties of a crevasse X , that is, X is a closed subset of Σ×I satisfying the conditions (i)-(iii) in Theorem A.
Set Y = pr vt (X ) and X y = X ∩ Σ y (y ∈ Y). Since X is closed, both Λ 
In Lemmas 2.2-2.5, we only consider Λ + y . It will be seen easily that the corresponding assertions for Λ − y hold. Fig. 2 .5. Proof. Since l has a free side with respect to Λ + y , for a sufficiently small δ > 0, at least one component
, there exists a sequence {x n } with x n ∈ X yn (y n ց y) converging to x. Let R n be the component of
{y} is empty for all sufficiently large n ∈ N. Since l is a deformation retract of the annu- For any a ∈ I, a subsurface of Σ a is called a vertical surface in Σ × I. Suppose that F = F X is the set of vertical open g-subsurfaces F in L with Fr(F ) ⊂ X and fibers Σ y disjoint from X . Then the union F ∈F Fr(F ) consists of mutually disjoint horizontal annuli and g-loops. Let P X be the set of all such annuli and loops. An element y ∈ Y \ {0, 1} is irregular if Σ y either contains a g-loop element of P X or meets two annulus components of P X one of which is contained in Σ 2] in half, we may assume that X ′ is a crevasse in Σ × I and call it a saturated crevasse obtained from X . Note that (i) each element of P X ′ consists of horizontal annuli, (ii) for any F ∈ F X ′ , there exists another Proof. We may assume that X is a saturated crevasse. Let F n.c. be the subset of F = F X consisting of non-critical elements. For any F ∈ F n.c. , let B F be the union of elements in F n.c. properly isotopic to F in L. Note that B F is a block in Σ × I for any F ∈ F n.c. and either B F = B F ′ or B F ∩ B F ′ = ∅ holds for any F, F ′ ∈ F n.c. . Let K = {B i } be the set of such blocks. Since X is saturated, any non-empty H = B all components of L \ K, we have a crevasse X 1 admitting a block complex K 1 . Modifying X 1 in similar manners in small neighborhoods of all fronts of X 1 which are approached by infinite sequences of blocks in K 1 (see Fig. 2.8 (a) ), we have our desired crevasseX (see Fig. 2.8 (b) ).
Block decomposition of geometric limits
Let {ρ n : Π −→ PSL 2 (C)} be a sequence of quasi-Fuchsian representationes converging algebraically to a Kleinian representation ρ ∞ and such that {Γ n } converges geometrically to a Kleinian group G, where Π = π 1 (Σ) and Γ n = ρ n (Π). Note that Γ ∞ = ρ ∞ (Π) is a subgroup of G. Set N n = H 3 /Γ n , N ∞ = H 3 /Γ ∞ and M = H 3 /G and denote the convex core of N n (resp. M ) by C n (resp. C). Let p : N ∞ −→ M be the covering associated to Γ ∞ ⊂ G. One can take an element µ of ML(Σ) so that there exists a pleated map f n : Σ −→ C n realizing µ with right marking, that is, π 1 (f n ) = ρ n for all n ∈ N ∪ {∞}. By taking the base points x n of N n and x ∞ ∈ M suitably, we have K n -bi-Lipschitz maps g n : B Rn (x n , N n ) −→ B Rn (x ∞ , M ) with R n ր ∞ and K n ց 1 and such that {g n • f n } converges uniformly to p • f ∞ in M . It is well know that p • f ∞ is not necessarily homotopic to an embedding in M , for example see Anderson and Canary [1] . However, since f n is homotopic to an embedding into C n for any n ∈ N, there exists a π 1 -injective embedding h : Σ −→ C contained in an arbitrarily small neighborhood of Image(g n • f n ). We suppose that F 0 = h(Σ) is the base surface of C and M . Take a δ > 0 less than a Margulis constant and such that F 0 ∩M p:thin(δ) = ∅. From now on, for any hyperbolic 3-manifold N , set N thin(δ) = N thin and N thick(δ) = N thick for short. If necessary modifying g n slightly, we may assume that g n (N n,thin ∩ B Rn (x n , N n )) = M thin ∩ B Rn (x ∞ , M ). Though N n contains no parabolic cusps, we need to consider components of N n,thin corresponding to parabolic cusps of M . The union of components of N n,thin meeting g −1 n (M p:thin ) non-trivially is denoted by N n,(p):thin . Set N n \ IntN n,(p):thin = N n,(p):thick . The intersections C n ∩ N n,(p):thick and C ∩ M p:thick are denoted by C n,(p):thick and C p:thick respectively. The convex hulls H Γn of the limit sets Λ(Γ n ) converge geometrically to the convex hull H G of Λ(G) (see [14, Corollary 2.2] ). Set P n = P n (δ) = C n ∩ ∂N n,(p):thin and P = P (δ) = C ∩ ∂M p:thin and call the pairs (C n,(p):thick , P n ) and (C p:thick , P ) the pared manifolds in N n,(p):thick and M p:thick respectively. Furthermore, P n , P are called the parabolic loci of these pared manifolds. Note that the complement ∂C p:thick \ P is equal to ∂C \ M p:thin , see Fig.  3 .1. If necessary modifying g n slightly again, we may assume that g −1 n maps ∂C \ P Figure 3 .1. The union of bold curves and loops is P . The union of waved curves is ∂C \ M p:thin . Each segment labelled with 'g.i.' (resp. 'g.f.') represents a geometrically infinite (resp. finite) end of M .
into ∂C n \ P n for all sufficiently large n. In fact, g −1 n (∂C \ P n ) is the union of components of ∂C n \ P n with uniformly bounded distance from x n in N n .
3.1. Ubiquity of pseudo-pleated surfaces. We may assume that any pleated map f : Σ(σ n ) −→ N n meets ∂N n,thick transversely if necessary deforming f slightly by a homotopy. Let A be a component of f −1 (N n,thin ). Suppose that each component of ∂A is non-contractible in Σ. Since f |A : A −→ N n,thin is π 1 -injective and π 1 (N n,thin ) is abelian, A is an annulus. Since N n,thick is locally convex, if a component l of ∂A is contractible in Σ, then A is a disk bounded by l. Let D f and A f be the union of disk and annulus components of f −1 (N n,thin )
respectively. Since the closure Σ \ A f is contained in Σ(σ n ) thick , the diameter of each component of Σ \ A f is bounded by a constant independent of n. Since Area(D f ) < Area(Σ) = −2πχ(Σ), there exists a constant 0 < ε < δ depending only on δ and χ(Σ) such that f (D f )∩N 1 (N n,thin(ε) ) = ∅. This fact implies that f can be deformed to a map f ′ : Σ −→ N n by pushing off f (D f ) to IntN n,thick such that the diameter of f ′ (F ) is bounded by a constant independent of n for any component
We say that the restriction f ′ |Σ \ A f :p is a pseudo-pleated map and, for any component
Lemma 3.1. For any R > 0, there exists a constant d = d(R) > 0 independent of n such that the diameter of any pseudo-pleated surface H in C n,(p):thick with H ∩ B R (x n , N n ) = ∅ is less than d.
Proof. Note that the number of components of IntH ∩ N n,thin is at most 2(g − 1), where g is the genus of Σ. Moreover, the diameter of each component of H \ N n,thin is bounded by a constant independent of n. Since any component V n of N n,thin meeting IntH non-trivially is not contained in N n,(p):thin , g n |V n : V n −→ M thick is an embedding onto a Margulis component of M thin for all sufficiently large n.
There exist only finitely many Margulis tube components of M thin which intersect non-trivially the g n -image of at least one pseudo-pleated surface H as above. Hence we have a constant c(R) > 0 independent of n such that diam(V n ) < c(R). This implies the existence of a constant d(R) satisfying our desired condition.
By an argument similar to that in the proof of [25, Theorem 9.5.13], for any point y of C n , there exists a pleated map f : Σ −→ C n ⊂ N n with f (Σ)∩IntB 1 (y, N n ) = ∅. The reason why one can use here the "1-ball" B 1 (·) is explained in Soma [24, p. 186] . In particular, for any x ∈ C p:thick and all sufficiently large n, we have a pseudo-pleated surface F n in C n:(p):thick meeting B 1 (g −1 n (x), C n ) non-trivially. By the Ascoli-Arzelà Theorem and Lemma 3.1, {g n (F n )} has a subsequence converging geometrically to a proper surface F in C p:thick with dist(F, x) ≤ 1. Such a surface is called a pseudo-pleated surface in C p:thick . Suppose that y is a point of some component Q n of the parabolic locus P n = P n (δ). Then there exists a point z of the corresponding component Q n (ε) of P n (ε) such that dist(y, z) is less than a constant depending only on δ (and ε = ε(δ)). Let f : Σ −→ C n be a pleated map
, where d(δ) > 0 is a constant depending only on δ. It follows that, for any point x of any component Q of P = P (δ), there exists a pseudo-pleated surface in C p:thick containing a point v ∈ Q with dist(v, x) ≤ d(δ).
Construction of block decomposition structures.
We often replace embedded surfaces by pseudo-pleated surfaces even though they are not necessarily embeddings. Almost families of pseudo-pleated surfaces considered in this section are equicontinuous and have subsequences converging to other pseudo-pleated surfaces. In order to proceed our argument, we need to restore an embedded surface from the limit pseudo-pleated surface. Our procedure is represented as follows.
Embedded surfaces −→ pseudo-pleated surfaces −→ a limit pseudo-pleated surface −→ an embedded surface Let H n be a finite set of mutually disjoint surfaces in IntC n homeomorphic to Σ and such that each component of H n \ IntC n,(p):thick is a properly embedded surface in C n,(p):thick and each component of IntC n,(p):thick \ H n is homeomorphic to Σ × (0, 1), where H n denotes the union Hα∈Hn H α as usual. Let H (1) n be the set of components of H n \ C n,(p):thick . If H ∈ H (1) n has a non-peripheral and non-contractible (i.e. essential ) simple loop l properly isotopic in C n,(p):thick to a loop l ′ in the parabolic locus P n . By performing surgery on H along an embedded annulus A in C n,(p):thick with ∂A = l ∪ l ′ , we have a properly embedded surface H ′ in C n,(p):thick homeomorphic to H \ IntN (l) and ∂H ′ \ ∂H ⊂ P n , where N (l) is a regular neighborhood of l in H. Repeating the same argument repeatedly, we have a finite set H (2) n of mutually disjoint, properly embedded surfaces in the pared manifold (C n,(p):thick , P n ) satisfying the following conditions.
n , any essential simple loop in H ′ is not homotopic in C n,(p):thick to a loop in P n .
(ii) Each component of IntC n,(p):thick \ H (2) n is a block, see Fig. 3 .2. We may assume that any two elements of H (2) n are not mutually parallel in C n,(p):thick if necessary by taking a representative in each mutually parallel class in H
n is properly homotopic in C n,(p):thick to a pseudo-pleated surface
is denoted by F n . Here, we note that, in general, one can not detect such a surface F α with a uniformly bounded distance from H 
When J is a proper surface in a 3-manifold properly homotopic to an embedded surface, we denote the surface by J ♭ and the family {J Lemma 3.2. Let J n (n = 1, 2, . . . ) be pseudo-pleated surfaces in C n,(p):thick each of which is properly homotopic to an embedded surface and such that {g n (J n )} converges to a pseudo-pleated surface J in C p:thick . Then J is properly homotopic in C p:thick to an embedded surface J ♭ .
Proof. By some arguments in Freedman, Hass and Scott [11] , each J n is properly homotopic to an embedding J ♭ n in C n,(p):thick contained in an arbitrarily small neighborhood of J n and the support of the homotopy is in a small neighborhood Z n of the union of J n ∪ J ♭ n and all bounded components of C n,(p):thick \ (J n ∪ J ♭ n ). From the ubiquity of pseudo-pleated surfaces, for any x ∈ Z n \ N 1 (J n ∪ J ♭ n ), there exists a pseudo-pleated surface in C n,(p):thick meeting both B 1 (x, N n ) and J n ∪ J ♭ n nontrivially. By Lemma 3.1, the diameter of Z n is bounded by a constant independent of n. Fix n ∈ N with Z n ⊂ B Rn (x n , N n ). Then J is properly homotopic to an embedded surface
The following proposition is a key to the proof of Theorem A. First, we will prove that any component B of C 
n,B = ∅ otherwise S n is the one-point set {g 
Proof of Theorem A
We will still work with the notation and definitions in Section 3. By Proposition 3.3, there exists an embedding ψ :
. Thus X satisfies the condition (i) of Theorem A. If necessary saturating X , we may assume that the set P X defined as in Subsection 2.3 consists of horizontal annuli in Σ × I. From our construction of the block complex on M ♮ , any element of P X corresponds to a parabolic cusp of M . Throughout this section, the image ψ(M ♮ ) = Σ × I \ X is denoted by L.
Lemma 4.1. X satisfies the condition (ii).
Proof. Let F be any non-peripheral front of X . If F were homeomorphic to an open pair of pants, then a pleated map F −→ M corresponding to the inclusion of F to the closure L of L in Σ × I \ P X would be a totally geodesic embedding the image of which excises from M a submanifold E facing a geometrically finite end. This means that E is adjacent to a component of ∂M ♮ , which contradicts that
Proof of Theorem A. To complete the proof, it remains to show that X satisfies the condition (iii).
For the proof, we use the fact that any parabolic cusps of M are not parallel to each other. Since each component of P X corresponds to a parabolic cusp of M , it suffices to show that any component l y of λ(Λ ε y ) \ Fr(X y ) (ε = ±) corresponds to a parabolic cusp of M . If l y ∩ Λ + y = ∅, then by Lemma 2.2 (and Remark 2.3), l y is contained in an element of P X , and hence M has a parabolic cusp corresponding to l y . Thus we may assume that l y ∩ Λ + y = ∅. Then there exists a sequence {H n } of vertical open g-subsurface in L with Fr(H n ) ⊂ X approaching to l y and such that any two H n , H m of them are not properly homotopic to each other in L, see Fig.  4.1 (a) .
We suppose that M does not have a parabolic cusp corresponding to l y and introduce a contradiction.
First consider the case when there exists a geodesic loop λ in M corresponding to a g-loop lȳ in L∩Σ×(y, 1] parallel to l y in L. If necessary retaking δ > 0, we may assume that λ∩M p:thin = ∅. Let f n : H n −→ M be a pleated surface corresponding to the inclusion H n ⊂ L and with f n (H n ) ⊃ λ. By the Ascoli-Arzelà Theorem, there exists an open g-subsurface J of Σ and an embedding i n : J −→ H n such that J n = i n (J) is an open g-subsurface of H n containing the g-loop l y,n := (l y ) {yn} in H n and {f n • i n } is a sequence of proper maps to (M, M thin ) converging uniformly a continuous proper map if necessary passing to a subsequence. In particular, there exists n 0 ∈ N, such that f n • i n (n ≥ n 0 ) are homotopic to each other in M . This implies that the open g-subsurfaces J n of H n are horizontally parallel to each other in L. It follows that L contains a block B of the formĴ (y,y+ε) for a sufficiently small ε > 0 (see Fig. 4.1 (b) ), whereĴ = pr hz (i n (J n )) is an open g-subsurface of Σ containing pr hz (l y ) and independent of n ≥ n 0 . This contradicts that l y is a component of λ(Λ + y ) \ Fr(X y ). Next consider the case when there exists a component P of M p:thin corresponding to a horizontal annulus or a g-loop in X ∩ Σ × (y, 1] parallel to l y in L. Then one can again have a contradiction by considering pleated maps f ′ n : H n \ l y,n −→ M instead of f n as above such that small neighborhoods of the both ends of H n \ l y,n adjacent to l y,n are mapped into P . This completes the proof of Theorem A.
Proof of Theorem B
In Subsection 5.1, we give the definition of efficient pleated surfaces. Subsection 5.2 presents several sequences of Kleinian groups which give geometric limits G and G ′ in two manners. In Subsection 5.3, we show that (i) H 3 ∪ Ω(G)/G have a topological type desired in Theorem B, (ii) G = G ′ and (iii) G ′ is a geometric limit of quasi-Fuchsian groups.
We say that a sequence {a n } in a metric space A subconverges to a ∈ A if {a n } has a subsequence converging to a. For simplicity, such a subsequence is denoted again by {a n }.
5.1. Length of measured laminations and efficient pleated maps. Let F be either Σ itself or an open g-subsurface of Σ. For any µ ∈ ML 0 (F ) and σ ∈ Teich(F ), we have g-loops l n in F (σ) and t n > 0 such that the sequence {t n l n } of weighted loops converges to µ in ML 0 (F ). Then there exists the limit length F (σ) (µ) = lim n→∞ t n length F (σ) (l n ), called the length of µ in F (σ), which is independent of the choice of a sequence {t n l n } converging to µ. According to Bonahon [6, Proposition 4.5], for µ = lim n→∞ t n l n , µ
where i(l n , l ′ n ) is the cardinality of l n ∩ l ′ n when they meet each other transversely and otherwise i(l n , l ′ n ) = 0. Lemma 5.1. Suppose that F has a completed hyperbolic structure σ with finite area and H is a proper open g-subsurface of F . Let ν be a measured lamination in H. Then, for any connected measured lamination µ in F with i(µ, ν) = 0, there exists a measured lamination µ ′ in H independent of σ ∈ Teich(F ) with i(µ ′ , ν) = 0 and
where H are supposed to have the incomplete hyperbolic metric induced from F (σ). 
Proof. If
This implies our desired inequality.
Let M be a hyperbolic 3-manifold admitting a proper homotopy equivalence h : F −→ M , called a marking. The marking h induces the holonomy ρ : π 1 (F ) −→ PSL 2 (C). If a connected measured lamination µ in F is not realizable in M by any pleated map properly homotopic to h, then we set length ρ (µ) = 0. If there exists a pleated map f µ : F (σ) −→ M properly homotopic to h and realizing µ, then we set length ρ (µ) = length F (σ) (µ). Since f µ : Σ(σ) −→ M is arcwise isometric, length ρ (µ) represents the length of a measured lamination µ = f µ (µ) in M , that is, length ρ (µ) = length M (µ). If ν ∈ ML 0 (F ) is decomposed to the sum of connected sublaminations ν = µ 1 + · · · + µ n , then we set length ρ (ν) = length ρ (µ 1 ) + · · · + length ρ (µ n ).
Consider a sequence {ρ n : π 1 (F ) −→ PSL 2 (C)} of faithful discrete representations transferring any peripheral element of π 1 (F ) to a parabolic element. In the case when F = Σ, fix a complete hyperbolic structure σ on F of finite area. Let λ be a disjoint union of finitely many simple geodesic lines in F (σ) such that each component of F (σ) \ λ is an open ideal triangle. The λ is regarded as a 'lamination' in F (σ) with non-compact support. In the case when F = Σ, consider a g-loop l in Σ with d = inf n {length ρn (l)} > 0, see [27, Proposition 4.2] . Let λ ′ be a disjoint union of finitely many simple geodesics lines in Σ \ l such that each component of
′ is an open ideal triangle. Then λ = l ∪ λ ′ is a geodesic lamination in Σ consisting of a single compact leaf l and finitely many non-compact leaves spiraling around l. Let f λ,n : F (σ n ) −→ N n = H 3 /ρ n (π 1 (F )) be a pleated map realizing λ. According to [27, Theorem 3.3] , there exists a constant C = C(d) > 0 depending only on d and a continuous non-negative function a λ : ML 0 (F ) −→ R depending only on λ such that, for any µ ∈ ML 0 (F ) and n ∈ N,
This inequality is very useful for examining whether a given sequence {ρ n } has an algebraically convergent subsequence. We say that these f λ,n are efficient pleated maps for {ρ n }.
Construction of approaching Kleinian groups.
Throughout the remainder of this section, we fix a crevasse X satisfying the conditions same to those on X of Lemma 2.6 and set S = Σ 0 ∪ Σ 1 \ X . Moreover, as in Subsection 2.2, we may assume that any non-peripheral front of X is not in Σ 0 ∪ Σ 1 . Let P X be the set of horizontal annuli in X defined in Subsection 2.3. As is suggested in Fig. 2 .7 (b) and 2.8 (b), for any component l of λ(Λ ε y ) (y ∈ Y, ε = ±), there exists an element of P X containing l as an edge.
Any Kleinian 3-manifold N ♮ = H 3 ∪Ω(Γ)/Γ treated in this section has a marking from a subset L ′ of Σ × I with L ′ ⊃ Σ 1/2 ∪ S and such that a continuous map f N : Σ −→ N corresponding the the inclusion Σ 1/2 ⊂ L ′ is π 1 -injective and there exists the union ∂ S N ♮ of components of ∂N ♮ corresponding to S. Moreover, there exists a full measured lamination µ on Σ without compact leaves which is taken commonly for all N and such that f N is homotopic to a pleated surface f N,µ realizing µ in N . We always take the base point x of N in Image(f N,µ ). If p :
Γ is a locally isometric covering between hyperbolic 3-manifolds such that p • f N1 is homotopic to f N , then p • f N1,µ = f N,µ . Thus one can choose the base point x 1 of N 1 so that p(x 1 ) = x. The covering p is naturally extended to that over N ♮ . Since Ω(Γ) ⊂ Ω(Γ 1 ), the total space 
any maximal horizontal open annulus in L meets only finitely many blocks in K ∞ , where K n 's are finite block complexes with K n ⊂ K n+1 , possibly K n = K n+1 = · · · for some n ∈ N if π 1 (L) is finitely generated. One can also suppose that all blocks of K ∞ containing components of S belong to K 1 . The support of K n is denoted by L n . Then the union ∞ n=1 L n is equal to L. Let P n be the subset of P X consisting of elements meeting the closure L n in Σ×I nontrivially and let Z n be the set of components of ∂L n \ P n . By the condition (ii) of X , each element of Z n not in S is either a non-peripheral front of X or a joint of a block in K n and that in K ∞ \ K n . Let J n be the subset of Z n consisting of such joints. Each element of Z n \ J n is not an open pair of pants, but J n may contain them. Let T n be the subset of J n consisting of elements homeomorphic to open pair of pants. Thus we have
For any non-peripheral element F j of Z n \ T n , take a full measured lamination µ j on F j without compact leaves arbitrarily and a k-sequence {l
. For any peripheral front S a of X , take a conformal structure σ a on S a arbitrarily. By the condition (iii) of X , it is not hard to show that
is atoroidal for all sufficiently large k ∈ N, where P (k) n is the set of g-loops l (k) j as above, see Fig. 5 .2. According to Thurston's Uniformization Theorem for atoroidal Haken manifolds (see Kapovich [13] for the complete proof), Q (k) j admits a geometrically finite Kleinian structure such that each component of ∂Q (k) j corresponding to a peripheral element S a ∈ Z n has the conformal structure σ a . Moreover, the set of parabolic cusps of Q (k) j corresponds to P n ∪ P (k) n bijectively. Let {F 1 , . . . , F s } be the set of non-peripheral elements of Z n \ T n . By performing hyperbolic Dehn surgery on Q n . In particular,Ñ (k) n is extended to a Kleinian manifoldÑ (k)♮ n which can be identified with
be a proper core ofÑ
n } subconverges strongly to a Kleinian representation ρ n as k → ∞.
Proof. From our construction, the end ofÑ (k) n corresponding to F j has the geodesic loopl
j . From the fact that lim k→∞ length(l (k) j ) = 0 together with arguments in Ohshika [21] , the sequence {ρ (k) n } subconverges algebraically to a Kleinian representation ρ n as k → ∞ such that the end ofÑ n = H 3 /Γ n corresponding to F j is geometrically infinite and the its ending lamination coincides with the support of µ j , where
for all sufficiently large k. Then one can show that the k-sequence {ρ Since L n is a π 1 -injectively embedded subset of L m for any m, n ∈ N with n ≤ m,
is denoted by Γ m;n , and the restriction ρ m |π 1 (L n ) by ρ m;n . Let p m;n :Ñ m;n = H 3 /Γ m;n −→Ñ m be the locally isometric covering associated with Γ m;n ⊂ Γ m . Lemma 5.3. For each n ∈ N, the m-sequence {ρ m;n } m≥n subconverges algebraically to a Kleinian representation ρ ∞;n as m → ∞.
Proof. For any non-peripheral element F j of Z n , let f m;j : F j (σ m;j ) −→Ñ m;n be an efficient pleated surface facing to the end ofÑ m;n corresponding to F j . Here we will show that the closure of the m-sequence {σ m;j } in ML 0 (F j ) is compact. For the proof, suppose contrarily that {σ m;j } subconverges to [µ ′ ] ∈ ∂Teich(F j ) = PL 0 (F j ) as m → ∞ and introduce a contradiction.
Fix a component µ of µ
One can suppose that µ + is neither contained in an element of P X nor equal to the fixed lamination µ t of a non-peripheral front F t of X , otherwise we may use µ − instead of µ + . It suffices to consider the following three cases. Case 1. µ + meets a component P of P X nontrivially. From our assumption as above, µ + meets P transversely. By Lemma 2.6, A + (µ) passes through only finitely many proper vertical surfaces H l (l = 0, 1, . . . , 2a) in L with H 0 = F j such that pr hz (H 2i−1 ) is a component of pr hz (H 2i−2 ) ∩ pr hz (H 2i ) for i = 0, 1, . . . , a, see Fig. 5 .3. For all m sufficiently larger than n, L m con- Case 2. µ + is contained in a non-peripheral front F t of X nontrivially. Since the support of µ t is the ending lamination of the end ofÑ m corresponding to F t for all m, lengthÑ m (µ t ) = 0. Thus one can introduce a contradiction by an argument quite similar to that in Case 1.
Case 3. µ + is contained in Σ × {−1, 1}. Then µ + is a measured lamination of some peripheral font S of X . Since the conformal structure on the component of ∂ SÑ ♮ m corresponding to S is fixed, the length of any geodesic loop inÑ m parallel to a simple loop in S is uniformly bounded. Thus, also in this case, one can obtain a contradiction.
The results in Cases 1-3 imply that, for each j, the closure of the m-sequence {σ m;j } in ML 0 (F j ) is compact. By Thurston's Relative Boundedness Theorem [28, Theorem 3.1], the m-sequence {ρ m;n } m≥n subconverges algebraically to a Kleinian representation ρ ∞;n .
Suppose that {ξ n : Λ −→ PSL 2 (C)} is a sequence of Kleinian representations converging algebraically to ξ. We say that ξ(λ) with λ ∈ Λ is an accidental parabolic element with respect to {ξ n } if ξ(λ) itself is parabolic, but ξ n (λ) is not so for all sufficiently large n ∈ N.
Lemma 5.4. The convergence {ρ m;n } m≥n → ρ ∞;n as m → ∞ is strong.
Proof. If not, by Anderson and Canary [3, Corollary 3.3] , there would exist an element γ ∈ π 1 (L n ) such that ρ ∞;n (γ) is an accidental parabolic element. It is well known that the element γ is represented by a g-loop l n in some element F j of Z n . Since any non-peripheral element of Z n \ J n corresponds to a geometrically infinite end ofÑ ∞,n with an ending lamination without compact leaves, F j either is peripheral or belongs to the joint set J n . Since ρm ;n = ρm ;m |π 1 (L n ) for anȳ m ≥ m ≥ n + 1, ρ ∞;n = ρ ∞;m |π 1 (L n ). Hence, for any m ≥ n,Ñ ∞,m has the accidental parabolic Z-cusp corresponding to a g-loop l m which is parallel to l n in L m and either peripheral or contained in some element of J m . Since our block complex satisfies the finiteness property given in Lemma 2.6, by repeating this argument finitely many times, one can show that l n is parallel in L to a g-loop l ∞ in a component S of S. Since the marked conformal structure on the component S m;n of ∂Ñ ♮ m;n corresponding to S is fixed, ∂Ñ ♮ ∞;n also has the component S ∞;n with the same marked conformal structure. In particular, N ♮ ∞;n has no parabolic cusps adjacent to S ∞;n . This contradiction implies our desired strong convergence.
Proof of Theorem B.
Since ρ ∞;n = ρ ∞;n+1 |π 1 (L n ), Γ ∞;n = ρ ∞;n (π 1 (L n )) is a subgroup of Γ ∞;n+1 = ρ ∞;n+1 (π 1 (L n+1 )) for any n ∈ N. This implies that the union G = n≥1 Γ ∞;n is a geometric limits of the n-sequence {Γ ∞;n }. If necessary passing to a subsequence, we may assume that {Γ m } converges geometrically to a Kleinian group G ′ as m → ∞. Since the m-sequence {Γ m;n } converges algebraically to Γ ∞;n and Γ m;n ⊂ Γ m , Γ ∞;n is a subgroup of G ′ for any n ≥ 1 and hence G is also a subgroup of G ′ . The proof of Theorem B is completed by the following three propositions. Proof. We use standard arguments of the least area surface theory in [11] again. Since the m-sequence {ρ m;n } converges strongly to ρ ∞,n by Lemma 5.4,Ñ ♮ ∞;n has a proper coreL ∞;n such thatL ∞;n ∩Ñ ♮ ∞;n,p:thick is mapped via a markingpreserving bi-Lipschitz map to a submanifold ofÑ ♮ m;n,p:thick properly homotopic toL m;n ∩Ñ ♮ m;n,p:thick , whereL m;n is a proper core ofÑ ♮ m;n . For any positive integers n,n with n ≤n, let qn ;n :Ñ ∞;n −→Ñ ∞;n be the covering associated with Γ ∞;n ⊂ Γ ∞;n and q ∞;n :Ñ ∞;n −→ M the covering associated with Γ ∞;n ⊂ G. Modify the hyperbolic metric on M p:thick in a small collar neighborhood of ∂M p:thick so that ∂M p:thick has non-negative mean curvature in M p:thick . Suppose that W n = q −1 ∞;n (M p:thick ) has the Riemannian metric induced from that on M p:thick . Since W n is a deformation retract ofÑ n;∞ , we may assume that W n ∩L n;∞ is a compact core ofL n;∞ andL n;∞ \ W n consists of parabolic cusps. By [11] , we may also assume that, for any non-peripheral component F n;j of Fr(L n;∞ ), F n;j ∩ W n is a least area surface in its proper homotopy class. For anyn ≥ n and Fn ,j = qn ;n (F n;j ), Fn ;j ∩Wn are also least area surfaces in Wn properly homotopic to mutually disjoint embedded surfaces inLn ;∞ ∩ Wn. Again by [11] , Fn ;j are also mutually disjoint embedded surfaces inÑn ;∞ and hence F ∞;j = q ∞;n (F n;j ) are so in M . Then the family {F ∞;j } j determines a block decomposition on M ♮ such that the support M ♮ of the decomposition is homeomorphic to L. is nonempty, then p extends to a homeomorphism from ∂M ♮ to ∂M ′ ♮ . It follows that p is also homeomorphism. Thus it suffices to consider the case when S = ∅, or equivalently both M, M ′ have no geometrically finite ends. Take a parabolic cusp P 0 of M . For any sufficiently large n,Ñ ∞;n has a unique parabolic cusp P 1 covering P 0 . Since Γ ∞;n has no accidental parabolic elements with respect to the strong convergence of {ρ m;n }, for any sufficiently m,Ñ m;n has a unique cusp P 2 corresponding to P 1 which in turn maps to a parabolic cusp of P 3 ofÑ m . Since {Γ m } converges geometrically to G ′ , M ′ has a unique cusp P 4 corresponding to P 3 . Since the inclusion Γ m;n ⊂ Γ m is derived from L n ⊂ L m , the correspondence P 1 → P 2 are injective. Moreover, it follows from the fact that the other correspondences are defined via bi-Lipschitz maps, that distinct parabolic cusps P 0 of M correspond to distinct parabolic cusps P 4 of M ′ . It follows that p : M −→ M ′ defines an embedding from the union of parabolic cusps of M into that of M ′ . So, if p −1 (P 4 ) had a component B other than P 0 , then B would be a horoball. Since M does not have geometrically finite ends, there would exist a pleated surface F in M passing through a point of IntB arbitrarily far from ∂B by the ubiquity of pleated surfaces in convex cores. This implies that F would contain a hyperbolic disk of arbitrarily large diameter, a contradiction. Thus the restriction of p on p −1 (P 4 ) is a homeomorphism onto P 4 , and hence the covering p is also a homeomorphism.
Proposition 5.7. G ′ is a geometric limit of algebraically convergent quasi-Fuchsian groups.
Proof. The group G ′ is geometrically approximated by Γ m and hence by Γ m are geometrically approximated by a quasi-Fuchsian group Λ R admitting a representation ζ R : Π −→ PSL 2 (C). This shows that {Λ R } converges geometrically to G as R → ∞. From our construction, {ζ R } converges algebraically to the restriction ρ ∞;n |Π, which is independent of n. This completes the proof of Proposition 5.7 and hence that of Theorem B.
